A Metropolis Monte Carlo program with reptation is used to generate sample configurations of short electrically charged polymers with thermally distributed Debye-Huckel electrostatic energies. The polymer is a three fold rotational isomeric state model with bond angle () between 5° and 90" and number of units N between 10 and 225. To compare the resulting root-meansquare (rms) values for radius of gyration S, and end-to-end length R, to theory, we use a wormlike chain with contour length L equal to the stretched out length of the polymer, the same total charge, and an intrinsic persistence length set so that, for large N, for specified () and L, S agrees with the rotational isomeric state model. The results are compared with the predictions for S, with correction for finite L, ofOdijk [J. Polymer Sci., Polymer Phys. Ed. 15, 477 (1977)]. They are then compared with three attempted corrections for excluded volume:
I. INTRODUCTION A. Electrostatic persistence length
The extension of electrically charged chain molecules by electrostatic repulsion has been investigated theoretically since at least 1948. + e-Y(y-l + 5y-2 + 8y-3) J.
( 1) N is the number of charges, q is the size of each charge, y=LK, where K-1 is the Debye screening distance, and L is the contour length of the wormlike chain, and in meter-kilogram-second-ampere (MKSA) units D = 41rE is the dielectric constant of the solution. For large y, the above expression becomes 2 • 3
where A is the distance per unit charge. Here, i I DkB T is the Bjerrum length Q. For T = 298 K and E = 78.33E o appropriate to water at that temperature, Q~ 7.16 A.
Assuming that the charged polymer behaves as a wormlike chain with total persistence length L r :
the mean squares of the radius of gyration S and the end-toend length R ares
and (S2) = LL r l3 -L} +2LVL-2(L~/L2)(1-e-LILr).
(5)
Since (S2) can be measured by static light scattering, small angle x-ray scattering, and neutron scattering, S has more experimental imPQrtance than R.
Let S, the "Manning parameter", 6 be the net number of elementary charges per Bjerrum length along a linear charged ion . Manning 6 showed that in the Debye-Huckel approximation, for an infinitely long and thin straight charged rod, S cannot exceed 1. Otherwise, the DebyeHuckel picture would be unstable with respect to condensation of counterions upon the linear polyion, which would, occur until S dropped to 1. Considerable evidence shows that Manning's prediction 6 is qualitatively correct. 7 Okijk and Houwaart 8 suggest reducing q, or equivalently, increasing A to, when necessary, reduce the assumed S of wormlike chains to 1. Odijk and Houwaart 8 argue that the large y expression for electrostatic persistence length (2) also applies in the very long chain limit, in which the wormlike chain becomes similar to a random coil. Equation (2), which was also found by Skolnick and Fixman, is the one which is usually used to fit experimental data.
The present work is a Monte Carlo investigation of the limits of validity of Odijk's complete expression for electrostatic persistence length ( 1 ). The electrostatic ~ding energy, and thus Eq. (1), was derived from each other along the chain are in close proximity and, if charged, can electrostatically repel each other. These effects are not included in Odijk's, and Skolnick and Fixman's original models 2 . 3 and are difficult to evaluate analytically. Odijk and Houwaart 8 estimated these effects using excluded volume theory5 as originally developed for uncharged polymers random coils.
B. Excluded volume
For a random coil with an excluded volume effect, with n K Kuhn segments and a Kuhn segment length of I K , (6) where a; contains the excluded volume effect on (S 2). Without an excluded volume effect as = 1, and the coil is Gaussian. If repulsive forces between polymer segments cause an excluded volume effect then, for a sufficiently long polymer, as increases as about 5 n~2, or more accurately,9.10 as about n~176. So Eqs. (4) and (5) will increasingly underestimate (S2) and (R 2) as N increases. 11 The random coil with excluded volume has two independent parameters,5 which can be taken as (S2)0 = n K li/6, and the excluded volume parameter z.s Odijk and Houwaart 8 dealt with a three parameter problem, the parameters being contour length L, persistence length LT and z. They approximately reduced their problem to the two parameter problem by using the factS that a long wormlike chain resembles a random coil with lK = 2LT and nK = L 12L T . Then z is found by the standard formulas (7) where /3 is the electrostatic excluded volume between two Kuhn segments /3= JO_e-
Here, i andj designate two segments, Eij is the electrostatic potential between segments i and j, Rij is the vector from the center-of-mass of segmentj to that of segment i, and the brackets denote averaging over the internal coordinates of the two segments. 13
Given z, Odijk and Houwaart 8 use the Yamakawa-Tanaka approximation for random coils with excluded volumeS a;~0.541 + 0.459 ( 1 + 6.04z)0.46 (8) to find a;. This heuristic formula has several things in its favor. For small z, it reproduces the first three terms of the exact perturbation expansion s . 12 a; = 1+ 1.276z -2.082r + ....
(9)
Forlargez, using the above formulas for z and for S 2, the Yamakawa-Tanaka formula predicts that S2 a: nt.23, close to the accepted 5.10 power law dependence. Also, it fits experimental data for various polymers around the theta point fairly well, and its general form is sensible. 5 Given /3, one can find z and an approximate value for a;. Odijk 
so that the first coefficient of the power series of as in terms of z agrees with that derived by Gupta and Forsman 15 for Gaussian random coils with between two and 100 segments and also with the value for n K = 00. 5 . 16 For wormlike chains which are so stiff that our prescription gives a value of"nK" less than 0.767, Eq. (14) yields an as less than 1, which is obviously wrong. Thus there is a choice of approximate and somewhat ad hoc theories for the expansion of linear polyelectrolytes by electrostatic stiffening and excluded volume effects. Because of the formidable theoretical difficulties involved in proceeding further or from first principles, it seems appropriate to use a Monte Carlo model of an electrically charged polymer to check these ad hoc theories.
Recent direct assaults on this problem using renormalization group methods 17-19 have apparently 17 not yet yielded explicit formulas applicable over a wide range of parameters. The authors l7 -19 do tend to support the suggestion 20 that for nK sufficiently large, Sand R may increase as a power of n K which depends on both the Debye length and the charge density, rather than as a fixed power of n K' This implies the above approximate ad hoc formulas to be too simple in predicting that Sand R should be proportional to nK to about the 1.2 power.
C. Previous Monte Carlo Investigations
We are aware of several previous Monte Carlo investigations of linear polyelectrolytes with either Debye screening or explicit ions. 1J.21-24 All located the polymer charges on the backbone, all assumed the dielectric constant to be the same everywhere, all used the Metropolis Monte Carlo method (see below), and all except that ofValleau 24 generated new polymer configurations from old by reptation (see below). Brender, Lax, and Windwer 22 . 23 used a cubic lattice with explicit ions, periodic boundary conditions, and a minimum image approximation 22 • 23 in which only the closest distance between the images of two ions is used. Valleau 24 also used explicit counterions, with a bead-string model for the polymer. Valleau concluded that "there is no reason to expect the screened Coulomb potential...to have any utility in understanding the forces within polyions nor in predicting their behavior." However, he did find similar overall expansion to that predicted by a separate Debye-Hiickel simulation.
The investigations of Carnie, Christos, and Creamer, II and Christos and Carnie, 2 I who used an off-lattice model with a Debye-Hiickel potential between charges, are similar to the present work in model and spirit. Carnie, Christos, and Creamer I I found "rough agreement" with the large LK limit of the prediction for electrostatic persistence length [Eq. (2) ] . Christos and Carnie 21 discussed trends and regularities in several measures, mostly based on the inertia tensor, of the shapes of polymers having charged units regularly spaced among uncharged units. They21 set 0 at the tetrahedral lattice angle ~70.529· and did not restrict the azimuthal angle t/J. (See below).
D. Plan of attack
We compare the root mean square (rms) values of Sand R generated by a Monte Carlo program with those predicted by Odijk's model. As discussed below, the test is practical for chains of at most a few hundred charges. This gives an opportunity to test both Odijk's correction factor and the ad hoc corrections for electrostatic excluded volume. 8 . 13 We use a three fold rotational isomeric state model 25 for the polymer. This kind of model can, by including different kinds of atoms with hard sphere repulsions, bond torsional potentials, van der Waals forces, dipole-dipole interactions, etc., be elaborated into a classical mechanics picture of a particular polymer. For example, Cleland has made a detailed study of hyaluronate. 26
However, for an initial approach to the problem, we decided to use the more "generic" three fold rotational isomeric state model. The hard sphere diameter of the units was usually set to zero, so that the results could be compared more easily to Eqs.
(1) -( 5 ) .
The Debye-Hiickel expression tie -K'I Dr was used for the electrostatic energy of interaction between two charges of size q separated by a distance r. This is obviously unrealistic, as it assumes the polymer units to have the same dielectric constant as the solvent. We have two reasons for making this simplifying assumption. First, the theories we compare to 2.3.8.13 make the same assumption. Second, if it were dropped, the computation of electrostatic energy for units whose separation was not large compared to their diameter would become much more complex, forcing the use of shorter polymer chains in the computer modeling. That is why, as already noted, this assumption is usual in Monte Carlo modeling of charged linear polymers.
For completeness, we now specify our model. The polymer has N units arranged linearly. They are numbered consecutively from an arbitrarily chosen end as units I-N. Unit i is located at r;. All units have the same charge q; the charge of unit i is located at riO All units have the same hard sphere radius fJt; Ir; -rjl;;;.2fJt for ioj=j. (As mentioned above, usually fJt = 0.) The bond length A is fixed; Ir; -r;+ II =A. The bond angle Ois fixed; (r; -r;+ I )'(r;+ 1 -r;+2)
That is, when 0 = 0", the "polymer" is linear. If r· r· I and r· + 2 are specified, there are three possible posi-
1+' I
tions (rotamers) for r;+ 3' Let 0 be a unit v~ctor defined by 0= A -2(r;+ 2 -r;+ I) X (r;+ l. -r;). Let bbe aperpendicular unit vector defined by b=A-I(r;+2-r;+I)Xo. Then r;+3 is r;+3 =r;+2 + cos O(r;+2 -r;+I)
Here, t/J is the azimuthal angle. In our model, t/J is 30·, 150·, or 270·, corresponding to gauche+, gauche-, and trans, respectively.25 Unlike Carnie, Christos, and Creamer, II we did not incorporate an energy difference between trans and gauche configurations into our model. To compare the results to Odijk's calculation, it was necessary to choose a wormlike chain comparable to the three fold rotational isomeric state model, called "the polymer" below. This was deliberately done in a simplistic manner. In the limit of large electrostatic effect, the wormlike chain will be rodlike and the polymer will be as fully extended as possible, meaning that it will be all trans and look like a zig-zag rod. Thus the Odijk model has no hope of reproducing the shape of the polymer in the limit of large electrostatic effect unless its contour length equals the stretched out (all trans) length of the polymer. Therefore, we set
An intrinsic persistence length must also be chosen for the wormlike chain to make it correspond to the uncharged polymer. It was felt that the intrinsic persistence length Lo should depend only on O. We chose Lo so that, in the limit of long polymers, given the previously chosen contour length, the wormlike chain would have the same Sand R as the polymer. That is,
Finally, the linear charge density of the wormlike chain is set by insisting that its total charge equals that of the polymer. These definitions yield a model with no free parameters which predicts the rms Sand R of the polymer.
If one wishes to set the Manning parameter S to 1, one must first define the charge density, remembering that the polymer is not straight, but a randomly zig-zagging three fold rotational isomeric state model. If one defines the charge density as q divided by the bond length A, reducing q to 0.8381 reduces S to 1. However, it is probably more sensible to define the linear charge density as the total charge divided by the maximum end-to-end length of the chain (which is also the contour length of the wormlike chain to which we compare the Monte Carlo results). This has also been suggested by Manning.27 Thus, to reduce S to 1, we set
The present Monte Carlo simulation is, of course, no help in deciding whether the Debye--Hiickel model is itself sensible. Thus, for example, it cannot address the fact that numerical solution of the nonlinear Poisson-Boltzmann equation in the limit L ---00 generally yields a different Le from Eq. (2), unless Sand Kd are small, d being the diameter of the polymer. 28 . 29 Rather, it is an attempt to check Eqs.
( 1 )-( 5) within the Debye--Hiickel model with constant D. Since one of the main corrections to the earliest predictions 2 .
3 was to introduce the concept of electrostatic excluded volume,8.13 we also discuss that. Thus we compare the rms Sand R with predictions for a variety of bond angles, Debye lengths, and several values of N.
The dimensionless parameters in our model may be taken as 8, N, S, and AK. If S is kept the same and the values of A and K-I are multiplied by a common factor, the resulting values of Sand R will be multiplied by the same factor. Thus one can compare to results 11.21 with A = 2.52 A. and 8 = cos-I ( 1/3) ~70.529·, by applying our results with A = 6 A. and 8 = 70·, decreasing K-I by a factor of 2.52/6, and using corresponding values of S. We made an effort to consider the case S = 1, since most linear polyelectrolytes have S = 1 after counterion condensation. 6 . 7 However, we feel free to use a variety of values for () rather than the value cos -I ( 1/3) which is appropriate for many polymers with a backbone of single-bonded carbon atoms. This is because we hope our results will be approximately valid for a variety of polyelectrolytes for which a realistic model would be far more complex (for example, Cleland's model of hyaluronate 26 ) and whose spacings of charges, steric hindrances, and intrinsic persistence lengths cannot be simulated by the present model unless arbitrary combinations of AK and () are allowed.
II. METHODS
The Monte Carlo program ran on an IBM 3091 KX. The algorithm used is similar to that of Carnie, Christos, and Creamer. 11 An initial configuration was generated "quasithermalIy" to provide a first guess at a thermal distribution. That is, during chain generation, units were added successively to a starting configuration of three units. The relative probabilities of choosing an additional unit to be a given rotamer (trans, gauche + , or gauche -) were set equal to their relative Boltzmann factors.
We use the Metropolis Monte Carl0 30 method with reptation, or "slithering snake" motions, to relax the initial guess towards an actual thermal distribution and generate successive samples. An end is chosen at random; each end has a probability of 1/2 of being chosen. Then the program calculates the energy difference !::.E between a trial configuration, constructed by adding a new unit to the chosen end in one of the three possible positions and chopping off one unit at the other end of the chain, and the current configuration. If the units are given a nonzero radius and the distance between two units is less than twice the radius, an energy penalty of 155k B Tis imposed. This prevents two units from occupying the same space. Then a random number uniformly distributed between 0 and 1 is generated. If exp( -!::.E I K B n is greater than the random number, the trial configuration is accepted and becomes the current configuration, otherwise it is rejected. This procedure is repeated many times.
More information on the principle of the Metropolis Monte Carlo method and its use in polymer physics can be found in Refs. 9 and 31. This procedure is highly efficient for short chains, but not for long chains, because new states are generated by reptation and reptation attempts are made with equal probability in either direction. Therefore the ends change rapidly while the center of the chain stays the same for many reptation attempts. If reptation attempts are successful with equal probability in either direction, the generation of new samples resembles a diffusion process; if the chain is N units long, it takes on the order of N 2 successful reptations to make a substantially new chain.
For each sample, the parameters that can be calculated include the radius of gyration S, the end-to-end length R, the electrostatic energy, and a measure of asphericity with which we are not concerned here. The calculated parameters are stored once every N 2 reptation attempts; the stroboscopic method. 11,21 This is somewhat less efficient than storing averages over blocks of reptation attempts of the parameters. II However, within the limits of the statistical quality of the set of samples, it allows any statistical quantity whatsoever to be calculated after the fact, rather than having to know in advance which particular averages should be stored.
The most time-consuming subroutine calculates the changes in electrostatic energy. It takes a time proportional to N. Thus, for long chains, the time per sample is nearly proportional to N 3 , as previously remarked. 11 For a 50 unit chain, one new sample requires about 5.9 s of processor time. For a 100 unit chain about 44.8 s is required. This is why the longest practical chain length is presently a few hundred units.
All the random numbers were made by the IMSL pseudorandom number generator GGUBS with initial seed 123457, all the reported quantities are based on 500 samples, and in all the data shown the bond length used is 6 A.. This is close to the right value for an ionic polysaccharide. 26 We have confirmed that for an uncharged chain with a hard sphere radius of zero the Monte Carlo results for the mean square of Sand R correspond closely to those predicted for the three fold rotational isomeric state model 
III. RESULTS AND DISCUSSION
(20)
A. Monte Carlo results and nonexcluded volume fit
Two types of Monte Carlo results are reported, showing the ems S or R as a function of bond angle B, or number of units N. The "bond length" used is 6 A. Unless otherwise specified, the hard sphere radius is set to zero. 5 .) The theoretical curves for ems Sand R result from substituting Eq. (I) into Eqs. (5) and (4), respectively, and thus include no excluded volume effects. They do however include Odijk's correction for finite chain. length. This correction becomes very large when LK is small and was found to be essential in making these curves reproduce the major trends of the Monte Carlo simulation in that limit. The discrepancy is largest at high bond angles and for K-1 = loA, wheretheestimatedSandR are about 30% too small. There is also a noticeable underestimate for a Debye length of 30 A. Other things being equal, excluded volume effects (discussed more below) are larger at higher B; this probably causes the underestimation of Sand R there.
It can also be seen that the trends for Sand R, and even some of the apparently random deviations from those trends, are very similar, except that R changes by a larger factor as the bond angle increases from 5° to 90°. This is because at B = 5°, the polymer is very nearly rodlike, while it becomes more coil-like as B increases. If the polymer changes from rodlike to random coil-like, the ratio of ems R to ems S changes from 121/2 to 6 112 . Since Sand R decrease during this transition, the ems R should decrease by a factor about 21/2 times more than the ems S. This is approximately quite rodlike, as can be seen in Fig. 1 (b) , by comparing the ems R to the length of the all trans configuration.
Because the trends for R resemble, but are noisier than, those for S, because S is more important than R, and the available ad hoc predictions of excluded volume effects therefore discuss S rather than R, and in order not to present an excessive number of graphs, most of our results for R are not shown. ---,---.---.---r---.---.---.-- In an early attempt to sets = 1, q was set to 0.8381. The data displays similar trends tothatfors = 1 andq = 1, but is less relevant and is also for intermediate values of q. To save space, it is neither shown nor analyzed.
The correspondence chosen between the rotational isomeric state model and the wormlike chain forces the fit to be fairly good for both high and low electrostatic effect. Thus getting a nearly correct rms S or R is not a stringent test for small Debye screening length K-J since the model must fit well at K-J = O. Ifinstead we asked that the rate of change of Sand R with respect to K-J (not shown) be correct, there would be a big failure for small K-I . Because we have combined quite a few approximations, there are several sources of error in these fits other than the neglect of excluded volume.
Some of the errors in the fitting arise from the imperfect correspondence between the wormlike chain and the rotational isomeric state model. Thus, Figs. 1 (a) and 3 show that for (J = 5°, the predicted value of S is too low for all K. This is because a wormlike chain has its mass distributed continuously rather than discretely. When the polymer is nearly linear, this leads to an underestimate of S by a factor of [(N + 1 )/(N -1)] 1/2, or about 2% for a 50 unit chain. By comparison, in Fig. 1 (a) , the Monte Carlo values for rms S are 84. 16, 84.94, 84.98, 86.15, and 85.12 A, respectively, for K-I = 1, 10,30, 100, and 1000 A, while the respective predictions ofEq.
(1) in Eq. (5) are 83.24,83.27,83.25,83.37, and 83.44 A. There should be no such discrepancy in the values of the end-to-end length R and, indeed, Fig. 1 (b) displays no such effect. Also, this effect should become less important at larger N, as indeed it seems to. An underestimate of S due to the neglect oflumpiness of the chain probably also occurs at higher (J, but, due to the complexity of the polymer configurations, is harder to evaluate there.
In Fig. 1 , for K-I = 1000 A, and in Figs. 1 and 2 for K-I = 100 A, the predicted rms S or R is larger than observed for the middle angles (the range being about 25° to 75° in Fig. 1 (a) for example) . In Figs. 3 and 4 , for K-J = 100 A, the predicted rms S is larger than that observed for (J greater than about 45°. We do not really understand the reason for this. The effect is opposite to that expected from excluded volume.
In Figs. 1 (a 
Results for Sand R vs N
Figures 6 show log-log plots of (S2) and (R 2) vs the number of units N for four sets of Monte Carlo results with to IV' , the slope is s. The curves for 5 = 1 appear to be slightly concave downwards, so that with the limited range of N available, this procedure risks overestimating the final slope. Table I shows the slopes found by performing a weighted linear fit, for both slope and intercept, to the log-log data plotted in Fig. 6 . The weights were determined as suggested in Refs. 11,21, and 32. That is, the variance ofthe 500 samples for each data point is first calculated. If the data points were completely uncorrelated, the variance of the average would be 1/ (500 -1) of the variance of the samples. How- TABLE I. The slopes resulting from a weighted linear fit to the data in Fig.   6 . In each pair of numbers, the upper is a fit to rms S and the lower to rms R for the same fitting range and set of Monte Carlo runs. The labels on the rows indicate the conditions under which the Monte Carlo simulations were performed. The labels on the columns indicate the lowest N used in the fit, the highest always being 225. For the "all N" fit, for the first two rows, the lowest N is 10; for the next two rows it is 25. ever, they are correlated and their apparent variance is reduced. The suggested correction 32 is to assume that each sample is generated from the previous one by a first-order autoregressive process. 33 Then the estimated variance of the mean should be multiplied by (1 + r l )/(1 -r l ), where r l is the lag 1 autocorrelation. 33 This yields the estimated variance of the mean square of S or R; the variance oflog (S 2) or log (R 2) is then estimated by assuming Gaussian error propagation.
The assumption of a first-order autoregressive process is doubtful because, as remarked above, the ends of the polymers change much more rapidly than the centers in a Metropolis Monte Carlo process based on reptation. Therefore the relaxation of the molecules towards thermal equilibrium may have a range of "time constants" and a high-order autoregressive process may be a better model. We are not sure how to decide how many orders to use. Partly for that reason and partly not to clutter the figures, error bars were not shown on the data. When r I is not large, as is the case for the data plotted in Fig. 6 , for which the largest r I is about 0.1, the assumption of a first-order autoregressive process may not be bad. Regardless, it is the simplest such assumption and is almost certainly superior to assigning equal weight to all data points. It is important to use the best available weighting because of the time required to obtain data at large N.
To show how the curvature of the lines in Fig. 6 affects the fitting, the fits were carried out over three ranges of N; over the full range from N = 10 or 25 to N = 225, from N = 75 to 225, and from N = 125 to 225. As the lower limit on N increases, the estimated uncertainties rise due to the reduction in the number of fitting points and in the range of the fit. The uncertainties for the fits on R are invariably greater than for the corresponding fits on S, because the R data is "noisier," as remarked above. For the fits with q and &t set to 0, all the estimated slopes are close to 1, as expected for a Gaussian random coil. For the fits with q = 0 and 2&t / A = 5.9/6.0, the slopes are all close to 1.2, as expected for a random coil with excluded volume/ However, for the fits with $ = 1, the estimated slopes are higher than 1.2 and generally decrease as the lowest fitted N is increased. The exception, for K-I = 10 A, when the lower limit on N is raised from 75 to 125, may be due to the especially large uncertainty of the final number, resulting from the small number of data points, rather than to any real effect. For $ = 1, when K-I is 10 A, the slopes are less than when it is 30 A.
Unfortunately, for $ = 1, the range of N is too small to extrapolate the slopes to N = 00. So we cannot determine from Table I whether, for the constant Manning parameter $, and constant Debye length, (S2) and (R 2) will grow as N1.2 for large enough N. Since the $ = 1 curves in Fig. 6 are concave down, we can use the numbers in Table I to estimate an upper bound on the final slope. The K-I = 10 A fits do suggest that the final slope may be close to 1.2. One can explain several features of the $ = 1 fits on this basis. When the contour length L is much less than the total persistence length LT = Lo + L e , the polymer will be nearly a rigid rod and the slope may thus be as large as 2. As N increases, so does L/L T • According to the ad hoc theories presented above, the polymer will then resemble a random coil with excluded volume and the slope should drop to 1.2. Therefore the plots in Fig. 10 should be concave down, as they are. Using the uncorrected electrostatic persistence length formula (2) with s= 1 gives Le = 31.42 and 3.49 A for
K-I
= 30 and 10 A, respectively, in the long chain limit.
(The intrinsic persistence length Lo is, by our convention, 7.47 A). Thus, for a given Nand f = 1, the slopes should be, and are, smaller for a K-I of 10 A than for a K-I of 30 A.
A more systematic way to investigate whether the ad hoc theories of excluded volume account for the $ = 1 results in Fig. 6 is to plot them with the $ = 1 results.
B. Excluded volume fits
Three ad hoc corrections for excluded volume were tried, based on Eqs. (6) - ( 14). The first is that proposed by Odijk and Houwaart, 8 which we call the "OH" fit, in which Eq. (10) is used for the electrostatic excluded volume p.
Dividing the contour length by twice the total persistence length yields an estimate of the number of Kuhn segments, Eq. (7) then gives the estimatedz, and the Yamakawa-Tanaka formula (8) yields the estimated expansion coefficient. The second consists of using Fixman and Skolnicks'13 expression for p instead of Eq. (10) . We use Eqs. (11) and ( 12), rather than Eq. ( 13). We call this "SF /OH." We again note that it has previously been used. 14 The third ad hoc correction consists of substituting Eq. (14) (10) and ( 11) causing the predicted P to go to infinity with K-1 and the assumption of a random coil, which has no maximum value of S. When the polymer becomes very stiff, as is known to happen for long unscreened polymers,34 the assumption of a random coil becomes seriously wrong. This idea is supported by the fact that in Figs. 7(b), 8, and 9, and lO(b) , 11, and 12, the OH and SF/OH fits seem to work better at higher N, where the estimated "nK" is larger. The value of n K would increase as N 1/2, except that the correction for finite chain length in Eq.
(1) causes the persistence length to increase slowly with N. We note that for $ = 1 and K-1 = 30 A, the OH and SF /OH predictions are almost the same, because the bracketed value in Eq. (13) for P is close to 4 there. In Figs. 7-12, the GF/ SF /OH fit lies below the other two when it exists. It can be seen that the GF/SF/OH fit is sometimes quite good. The failure ofthe OH and SF/OH fits at large K-I and resulting small nK was the motivation for trying the GF/ SF/OH fit, where the Yamakawa-Tanaka formula is replaced by Eq. (14), which is a fitI 5 to the effect of finite n K (in random coils, however, not wormlike chains). The GF / SF /OH fit is not plotted over the full range of (), because for n K less than 0.767 the GF/SF/OH prescription yields as < 1. In Fig. 7(c) , with N = 50 and K-1 = 1000 A, the polymer is so stiff that there is no GF/SF/OH fit. Since Eq. ( 14) was fitted to integer n K ;;;. 2, the failure of this extrapolation is not surprising. In Figs. 8 and 9 (q = 1), this failure of the GF /SF /OH fit occurs at both high and low (). At low (), it is caused by a large intrinsic persistence length Lo, while at high () the chain is a tighter zig-zag, causing electrostatic repulsion to stiffen it considerably. The failure of OF/SF/ OH at high () does not occur in Figs. 11 and 12 (for S = 1) because there q is reduced at high () by a factor of cos ( () /2 ) . Figure 13 shows both the nonexcluded volume prediction of Eqs. the OH and SF/OH curves lie together.
As N increases, the nonexcluded volume fits lie far below the data. Both the excluded volume fits are much superior to the nonexcluded volume fit. The GF/SF/OH fit works better for K-I = 30 A, while the SF/OH fit works better for K-I = 10 A; in both cases the GF /SF /OH fit again lies below the SF /OH fit. For K-I = 30 A, one wonders whether, at high N, the GF/SF/OH fit would eventually fall significantly below the data.
A comparison of the three excluded volume fits used shows that none is consistently best. Also, none is always better than the nonexcluded volume fit. When the GF/SF/ OH fit exists, either it or the SF/OH fit is best.
The GF/SF/OH fit always lies below the SF/OH fit, because the Gupta and ( 14) also predicts rms S to increase at a lower power of N, for large N, than the Yamakawa-Tanaka equation; as the difference in power of N is only 0.015, or a factor of ~ 1.035 over a nine fold range of N, this is not important in Fig. 13 
IV. SUMMARY AND CONCLUSIONS
Equations (1), (4), and (5) seem to estimate the dimensions of rotational isomeric state model chains fairly well under conditions of small excluded volume. When excluded volume is significant, they underestimate the end-toend length and the radius of gyration. When the Debye length is large, Eqs. (1), (4), and (5) underestimate the end-to-end length and radius of gyration. We do not know the reason for this. With these two caveats, there seems to be considerable truth in Odijk's prediction with correction for finite chain length [Eqs.
(1), (4), and (5) ] .
Odijk's and Houwaart's procedure 8 generally overestimates the excluded volume effect on the radius of gyration. When Odijk's and Houwaart's procedure is altered by incorporating Fixman's and Skolnick's estimate 13 of electrostatic excluded volume, the resulting prediction is slightly worse at conditions of large electrostatic effect and noticeably better under conditions of small electrostatic effect, where, however, the total deviation from the nonexcluded volume predictions is small. Using the Gupta-Forsman formula IS instead of the Y amakawa-Tanaka formulas sometimes produces a dramatic improvement in the quality of the fit for somewhat stiff chains, however, for very stiff chains it leads to the ridiculous result of negative excluded volume expansion. None of the excluded volume fits considered is always superior to the others and none is always superior to the nonexcluded volume fit. However, as chain length increases, all the excluded volume fits become much better than the nonexcluded volume fit.
The present Monte Carlo data do not indicate whether for fixed Debye length, charge density, and bond angle, the mean square radius of gyration will grow as the 1.2, or a somewhat higher power of chain length; putting good limits on the final power law would evidently take several times as many units as used here. However, the approximate success of the excluded volume predictions when N is made as large as currently practical suggests that there is some truth in the ad hoc predictions of electrostatic excluded volume 8 • 13 and thus that an ordinary excluded volume power law may hold. It would be desirable to confirm this using a faster computer or a better algorithm.
This work and the models it attempts to test assume the Debye;-Hiickel model. More efforts, like those of Valleau, 24 are needed to assess the differences in predicted behavior resulting from explicit ions.
